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Abstract: Higgs multiplet in the vector-spinor representations of SO(10), i.e., the

144 + 144 multiplet can break the SO(10) gauge symmetry spontaneously in one step

down to the Standard Model gauge group symmetry SU(3)C × SU(2)L × U(1)Y and a

recent analysis has used such vector-spinors for building a new class of SO(10) grand uni-

fication models. Here we discuss the techniques for the computation of several classes of

vector-spinor couplings using the recent result on the SO(2N) vertex expansion. The com-

putations include the cubic couplings of the vector-spinors with SO(10) tensors, quartic

self-couplings of the vector-spinors, and couplings of the vector-spinors with spinor repre-

sentations of SO(10). The last set include couplings of vector-spinors with the 16-plets of

quarks and lepton and with the 16 and 16 of Higgs. These couplings provide a tool for

further development of the SO(10) grand unification using vector-spinor representations.

These include study of quark-lepton masses, analysis of dimension five operators including

baryon and lepton number violating operators, and study of neutrino masses and mix-

ings. Illustrative examples are given for their computation using a sample of vector-spinor

couplings. The vector-spinor couplings arise in a wide class of models when one considers

higher dimensional operators such as those that arise in the analysis of Planck scale physics

and thus the techniques as well as the explicit couplings discussed here should find a wider

application. .
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1. Introduction

SO(10) is a favored group for the unification of the electro-weak and the strong interac-

tions [1, 2]. However, there is a wide array of possibilities for model building within the

gauge group. Thus while the remarkable feature of SO(10) is that it unifies one generation

of quarks and leptons within one irreducible representation, i.e., the 16 plet representation,

the Higgs sector of the theory is largely unconstrained and thus there exist a wide variety

of models which differ by the choice of the Higgs sector of the theory. In most models

the Higgs sector is generally quite elaborate involving several Higgs multiplets necessary

for the breaking of SO(10) symmetry in steps down to the Standard Model gauge group

SU(3)C ×SU(2)L ×U(1)Y . An interesting recent proposal made by Babu, Gogoladze and

the authors is to use a single pair of 144 + 144 multiplet to break the SO(10) gauge group

in one step down to the Standard Model gauge symmetry [3]. The couplings involving the

144 and 144 are rather intricate and not easily computable. However, significant progress

has occurred recently in how one may compute couplings involving spinor and tensor rep-

resentations of SO(10) [5 – 7]. An important result in such constructions is the so called

Basic Theorem deduced in ref. [5] using oscillator techniques [8, 9] which facilitates the

computations of vertices involving spinor and tensor SO(10) representations. Thus using

the basic theorem, couplings of the type 16 × 16 × 10, 16 × 10 × 120, 16 × 16 × 126 and

16†×16×1, 16†×16×1 were computed in ref. [5] and further applications of the technique

were made in ref. [10]. Now the couplings of the 144 and 144 are more involved. This

is so because of two factors: first we are dealing with a vector-spinor rather than just a

spinor representation of SO(10). Second the vector-spinor is constrained in order that it

correspond to the irreducible 144 or 144 representation of SO(10). Nonetheless, we will

find that the techniques of ref. [5] appropriately adopted to this case will prove very useful

in the analysis of SO(10) vertices: cubic, quartic or of higher order. In this paper we
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will limit ourselves to the analysis of cubic and quartic interactions where the 144 and

144 are involved. The detailed knowledge of the couplings of a gauge group are useful

in model building [11], and in extracting the implications of the models for spontaneous

symmetry breaking, neutrino oscillations [12] proton decay [13 – 15], computation of the

mass spectra and a variety of other applications. We note that the couplings involving

the 144 -plet arise naturally in a wide class of SO(10) models. Thus, for example, in a

conventional SO(10) model with a 10 and a 45 of Higgs one would have a dimension five

operator (16 × 10H)144.(16 × 45H)144 where the subscript means that the interaction is

being mediated by the representation in the subscript. The number of such operators is

rather large but the techniques discussed here can be utilized for their computation . This

provides the motivation for the analysis given in this paper.

The outline of the rest of the paper is as follows: In section 2 we give a brief summary

of previous results which are essential for the developments of the succeeding sections.

Here we discuss the generators of SO(10) in the SU(5) × U(1) basis using the oscillator

approach. We then state the so called Basic Theorem that significantly facilitates the

computation of couplings for spinor and tensor representations in SO(10). In section 3

we address the question of how one may treat the 144 irreducible representation through

the use of a constrained vector-spinor. This is so because, the vector-spinor in SO(10) has

16×10 = 160 components, and we need a constraint to eliminate sixteen components to get

the irreducible 144-plet tensor. In this section we also decompose the 144 in representations

of SU(5) × U(1) and define their normalizations. An analysis of the cubic couplings of

144 and 144 with the 1, 45, 210 tensor representations and with 10, 120 and 126 tensor

representations is given in section 4. In section 5 we give some illustrative examples of

how the vector-spinor couplings are to be used in model building. Here we show the

spontaneous breaking of SO(10) to the Standard Model gauge group in a single step, carry

out an analysis of Higgs doublet and Higgs triplet mass matrices and obtain the condition

under which mass less doublets can be obtained. We show how Yukawa couplings and

quark-lepton mass terms can arise after spontaneous breaking of SO(10) and compute

lepton and baryon number number violating dimension five operators which contribute to

proton decay. Specifically we show that these operators now receive contributions from

several sources raising the possibility of suppression of the proton decay by cancellation.

Conclusions are given in section 6.

Further details of the analysis are given in several appendices. In appendix A, reduction

of SO(10) fields in SU(5) representations, and further reduction in SU(3)C × SU(2)L
representations is discussed. Here we also give normalizations and define notation used

in the rest of the paper. In appendix B we discuss the gauge couplings of the 144 and

144 with the singlet gauge field and with a 45 plet of gauge field belonging to the adjoint

representation of SO(10). In appendix C we compute the self couplings of the vector-

spinor representations. These couplings cannot be cubic and the allowed couplings must

at least be quartic or higher. These can be of several types. Thus 144 × 144 can couple

with 144 × 144 by mediation by 1, 45 and 210. Additionally, there are couplings where

144×144 and 144×144 can couple with 144×144 and 144×144 either by mediation by 10,

120 or 126 + 126. Thus there are a variety of quartic self-couplings involving spinors. In
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appendix D we discuss the couplings of vector-spinors with the 16-plet of matter. Here we

consider couplings where 144×144 and 144×144 couple with 16×16 plets of quark-lepton

matter multiplets via mediation by 10, 120 and 126 + 126. Some further details of the

quartic couplings from 10-plet mediation are given in appendix E, and similar details for

120-plet mediation are given in appendix F, and from 126 + 126 are given in appendix G.

2. Preliminaries

An efficient decomposition of the SO(10) vertices is in the SU(5) × U(1) basis. In this

section we give the basic formulae for the decomposition of the SO(10) generators in this

basis and further we give the Basic Theorem for the computation of the SO(10) vertices.

We begin by defining the Clifford elements, Γµ (µ = 1, 2, ..., 10) in terms of creation and

destruction operators, bi and b
†
i (i = 1, 2, ..., 5) [8, 9]

Γ2i = (bi + b
†
i ); Γ2i−1 = −i(bi − b

†
i ) (2.1)

so that

{Γµ,Γν} = 2δµν . (2.2)

where

{bi, b
†
j} = δ

j
i ; {bi, bj} = 0; {b†i , b

†
j} = 0 (2.3)

and that the SU(5) singlet state |0 > satisfies bi|0 >= 0. The 45 generators of SO(10) in

the spinor representation are

Σρσ =
1

2i
[Γρ,Γσ] (2.4)

In the analysis of SO(10) invariant interactions one also needs the equivalent of charge

conjugation operator given by

B =
∏

µ=odd

Γµ = −i

5∏

k=1

(bk − b
†
k) (2.5)

The semi-spinors Ψ(±)á (á = 1, 2, 3) transforms as a 16(16)-dimensional irreducible repre-

sentation of SO(10) and contains 1 + 5 + 10(1 + 5 + 10) in its SU(5) decomposition. They

are given by

|Ψ(+)á >= |0 > Má +
1

2
b
†
ib

†
j |0 > Mij

á +
1

24
εijklmb

†
jb

†
kb

†
l b

†
m|0 > Mái (2.6)

|Ψ(−)á >= b
†
1b

†
2b

†
3b

†
4b

†
5|0 > Ná +

1

12
εijklmb

†
kb

†
l b

†
m|0 > Náij + b

†
i |0 > Ni

á (2.7)

We now review the recently developed technique [5] for the analysis of SO(2N) invari-

ant couplings which allows a full exhibition of the SU(N) invariant content of the spinor

and tensor representations. The technique utilizes a basis consisting of a specific set of

reducible SU(N) tensors in terms of which the SO(2N) invariant couplings have a simple

expansion. To that end, we note that the natural basis for the expansion of the SO(2N)

vertex is in terms of a specific set of SU(N) reducible tensors, Φck
and Φck

which we define
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as Ak ≡ Φck
≡ Φ2k + iΦ2k−1, Ak ≡ Φck

≡ Φ2k − iΦ2k−1. This is extended immediately to

define the quantity Φcicj c̄k.. with an arbitrary number of unbarred and barred indices where

each c index can be expanded out so that AiAjAk... = Φcicjck... = Φ2icjck...+iΦ2i−1cjck ... etc..

Thus, for example, the quantity Φcicjck ...cN
is a sum of 2N terms gotten by expanding all

the c indices. Φcicjck...cn is completely anti-symmetric in the interchange of its c indices

whether unbarred or barred: Φcicjck...cn = −Φckcjci...cn . Further, Φ∗
cicjck...cn

= Φcicjck...cn

etc.. We now make the observation [6] that the object Φcicjck...cn transforms like a reducible

representation of SU(N). Thus if we are able to compute the SO(2N) invariant couplings

in terms of these reducible tensors of SU(N) then there remains only the further step of

decomposing the reducible tensors into their irreducible parts. These results are codified

in the so called The Basic Theorem which we discuss next.

The vertex ΓµΓνΓλ..Γσ Φµνλ..σ where Φµνλ..σ is a Higgs tensor, appears often in

SO(2N) invariant couplings and can be expanded in the following form

ΓµΓνΓλ..ΓσΦµνλ...σ = b
†
i b

†
jb

†
k...b

†
nΦcicjck...cn +

(
bib

†
jb

†
k...b

†
nΦcicjck...cn + perms

)

+
(
bibjb

†
k...b

†
nΦcicjck...cn + perms

)
+ ... +

(
bibjbk...bn−1b

†
nΦcicjck ...cn−1cn + perms

)

+bibjbk...bnΦcicjck...cn(2.8)

As mentioned above, the object Φcicjck...cn transforms like a reducible representation of

SU(N) which can be further decomposed in its irreducible parts.

3. 144 and 144 as Constrained Vector-Spinor Mutiplets

In this section we discuss the SU(5) particle content of the 144 and 144 vector-spinors and

their expansion in terms of oscillator modes. We begin by discussing first the field content

of the reducible vector-spinor 160 and 160 multiplets [3]:

|Ψ(+)áµ >= |0 > Páµ +
1

2
b
†
ib

†
j |0 > Pij

áµ +
1

24
εijklmb

†
jb

†
kb

†
l b

†
m|0 > Páiµ (3.1)

|Ψ(−)b́µ >= b
†
1b

†
2b

†
3b

†
4b

†
5|0 > Q

b́µ
+

1

12
εijklmb

†
kb

†
l b

†
m|0 > Q

b́ijµ
+ b

†
i |0 > Qi

b́µ
(3.2)

where the lower case Latin letters i, j, k, l,m, ... = 1, 2, ..., 5 are SU(5) indices, the lower

case Greek letters µ, ν, ρ, ... = 1, 2, ..., 10 represent SO(10) indices, while the lower case

Latin letters with accent á, b́, ć, d́ = 1, 2, 3 are generation indices. The SU(5) field content

of 160 + 160 multiplet is

160(Ψ(+)µ) = 1(P̂) + 5̄(Pi) + 5(Pi) + 5(P̂i) + 10(Pij) + 10(P̂ij) + 15(P
(S)
ij )

+24(Pi
j) + 40(Pi

jkl) + 45(Pij
k ) (3.3)

160(Ψ(−)µ) = 1(Q̂) + 5(Qi) + 5̄(Qi) + 5̄(Q̂i) + 10(Qij) + 10(Q̂ij) + 15(Qij

(S))

+24(Qi
j) + 40(Qijk

l ) + 45(Qi
jk) . (3.4)

Details of the decomposition are given in appendix A.
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The vector-spinor |Ψ(+)µ > is unconstrained, has 160 components and is reducible. To

see how the 160 plet can be reduced, we note that Γµ|Ψ(+)µ > is a 16 dimensional SO(10)

spinor. Thus one way to define an irreducible 144 (144) dimensional vector-spinor is to

impose the constraint

Γµ|Υ(±)µ >= 0 (3.5)

We explore now the implication of the above constraint. The contraction of Γµ with the

160+160 multiplet |Ψ(±)µ > gives

Γµ|Ψ(+)µ >= b
†
1b

†
2b

†
3b

†
4b

†
5|0 > P̂ +

1

12
εijklmb

†
kb

†
l b

†
m|0 >

(
Pij + 6P̂ij

)

+b
†
i |0 >

(
Pi + P̂i

)

Γµ|Ψ(−)µ >= |0 > P̂ +
1

2
b
†
i b

†
j|0 >

(
Qij + 6Q̂ij

)

+
1

24
εijklmb

†
jb

†
kb

†
l b

†
m|0 >

(
Qi + Q̂i

)
(3.6)

Thus to get the 144 and 144 spinor, |Υ(±)µ >, we need to impose the following conditions:

P̂ = 0, P̂i = −Pi, P̂ij = −1

6
Pij

Q̂ = 0, Q̂i = −Qi, Q̂ij = −1

6
Qij (3.7)

Hence, we have following relation

|Υ(±)µ >=
(
|Ψ(±)µ >

)
constraint of Eq.(3.7)

(3.8)

The above implies that certain components of the 160 and 160 multiplets are either zero

or are related thus reducing the number of independent components from 160 to 144. For

completeness, we give the expansion of the constrained 144 and 144 vector-spinors in its

oscillator modes
(

144

144

)
: |Υ(±)µ >=

(
|Υ(±)cn

>, |Υ(±)c̄n
>

)

|Υ(+)cn
>= |0 > Pn +

1

2
b
†
i b

†
j|0 >

[
εijklmPn

klm − 1

6
εijnlmPlm

]

+
1

24
εijklmb

†
jb

†
kb

†
l b

†
m|0 > Pn

i

|Υ(+)c̄n
>= |0 > Pn +

1

2
b
†
i b

†
j|0 >

[
Pij

n +
1

4

(
δi
nP

j − δj
nP

i
)]

+
1

24
εijklmb

†
jb

†
kb

†
l b

†
m|0 >

[
1

2
Pin +

1

2
P

(S)
in

]

|Υ(−)cn
>= b

†
1b

†
2b

†
3b

†
4b

†
5|0 > Qn +

1

12
εijklmb

†
kb

†
l b

†
m|0 >

[
Qn

ij +
1

4

(
δn
i Qj − δn

j Qi

)]

+b
†
i |0 >

[
1

2
Qin +

1

2
Qin

(S)

]
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|Υ(−)c̄n
>= b

†
1b

†
2b

†
3b

†
4b

†
5|0 > Qn +

1

12
εijklmb

†
kb

†
l b

†
m|0 >

[
εijklmQklm

n − 1

6
εijnlmQlm

]

+b
†
i |0 > Qi

n . (3.9)

4. Higgs sector cubic couplings

In this section we compute the cubic couplings in the superpotential involving two vector-

spinors and one each of the tensors 1, 10, 45, 120, 210, and 126 plet of Higgs. We discuss

their SU(5) × U(1) decomposed form below.

4.1 The (144 × 144 × 1) couplings

The (144 × 144 × 1) coupling structure in the superpotential is

W
(1) = h

(1)

áb́
< Υ∗

(−)áµ|B|Υ(+)b́µ > Φ (4.1)

Where Φ is the 1-plet of Higgs field. A computation of this coupling using the techniques

described in sections 2 and 3 gives the following result in the SU(5) × U(1) decomposed

form

W
(1) = ih

(1)

áb́

[
3

5
QT

áiPi

b́
+ QiT

á P
b́i

+
1

10
QijT

á P
b́ij

+
1

2
QijT

(S)áP
(S)

b́ij

+QiT
áj Pj

b́i
− 1

6
QijkT

ál P l

b́ijk
− 1

2
QkT

áijPij

b́k

]
H . (4.2)

4.2 The (144 × 144 × 45) couplings

The (144 × 144 × 45) couplings in the superpotential is

W
(45) =

1

2!
h

(45)

áb́
< Υ∗

(−)áµ|BΣρσ|Υ(+)b́µ > Φρσ (4.3)

where Φρσ represents the 45-plet of Higgs field. A computation of this coupling using the

techniques of sections 2 and 3 gives the following result in the SU(5) × U(1) decomposed

form

W
(45) = h

(45)

áb́

{[
3√
10

QiT
áj Pj

b́i
+

11

10
√

10
QijT

á P
b́ij

+
3√
10

QijT

(S)áP
(S)

b́ij
+

1

2
√

10
QkT

áijPij

b́k

− 19

5
√

10
QT

áiPi

b́
−

√
5

2
QiT

á P
b́i

+
1

6
√

10
QijkT

ál P l

b́ijk

]
H

+

[
− 1√

2
QkT

á P lm

b́k
− 1√

10
QlT

á Pm

b́
+

2√
15

QlkT
á Pm

b́k
+

1√
2
QklmT

án Pn

b́k

+
7

20
√

3
εijklmQT

áiPb́jk
− 1

3
√

10
εijklmQT

ánPn

b́ijk
− 1

4

√
3

5
εijklmQnT

áijPb́nk

+
1

4
εijklmQnT

áijP
(S)

b́nk

]
Hlm
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+

[
− 1√

2
QkT

álmP
b́k

+
1√
10

QT

álPb́m
+

2√
15

QkT
ál Pb́km

+
1√
2
QkT

án Pn

b́klm

+
7

20
√

3
εijklmQijT

á Pk

b́
− 1

3
√

10
εijklmQijkT

án Pn

b́
+

1

4

√
3

5
εijklmQinT

á Pjk

b́n

+
1

4
εijklmQinT

(S)áP
jk

b́n

]
H

lm

+

[√
2QlT

áikPkj

b́l
− 1√

10
QjT

áikPk

b́
+

1√
10

QT

ákPkj

b́i
− 3

10
√

2
QT

aiPj

b́

+
1√
2
QjklT

ám Pm

b́kli
− 1√

15
QjklT

ái P
b́kl

− 1√
15

QklT
á Pj

b́ikl
+

1

15
√

2
QjkT

á P
b́ki

−
√

3

10
QjkT

á P(S)

b́ki
+

√
3

10
QjkT

(S)áPb́ki
− 1√

2
QjkT

(S)áP
(S)

b́ki
−

√
2QjT

ák Pk

b́i

]
H

i
j

}
.

(4.4)

4.3 The (144 × 144 × 210) couplings

The (144 × 144 × 210) coupling structure is

W
(210) =

1

4!
h

(210)

áb́
< Υ∗

(−)áµ|BΓ[νΓρΓσΓλ]|Υ(+)b́µ > Φνρσλ (4.5)

where Φνρσλ represents the 210-plet of Higgs field. A computation of the couplings using

the techniques of sections 2 and 3 gives the following result in the SU(5)×U(1) decomposed

form

W
(210) = ih

(210)

áb́

{[
1

2
√

15
QiT

áj Pj

b́i
+

1

4
√

15
QijT

á P
b́ij

+
1√
15

QijT
(S)áP

(S)

b́ij
+

1

4
√

15
QkT

áijPij

b́k

+
7

10

√
3

5
QT

áiPi

b́
+

1

2

√
5

3
QiT

á P
b́i

+
1

12
√

15
QijkT

ál P l

b́ijk

]
H

+

[
− 1

2
√

2
QkT

á P lm

b́k
− 1

2
√

10
QlT

á Pm

b́
+

1

3
√

15
QlkT

á Pm

b́k
− 1

6
√

2
QklmT

án Pn

b́k

+
1

4

√
3

10
εijklmQT

áiPb́jk
− 1

6
√

10
εijklmQT

ánPn

b́ijk
+

1

8
√

15
εijklmQnT

áijPb́nk

− 1

24
εijklmQnT

áijP
(S)

b́nk

]
Hlm

+

[
− 1

2
√

2
QkT

álmP
b́k

− 1

2
√

10
QT

álPb́m
+

1

3
√

15
QkT

ál Pb́km
+

1

6
√

2
QkT

án Pn

b́klm

−1

4

√
3

10
εijklmQijT

á Pk

b́
+

1

6
√

10
εijklmQijkT

án Pn

b́
+

1

8
√

15
εijklmQinT

á Pjk

b́n

+
1

24
εijklmQinT

(S)áP
jk

b́n

]
H

lm

+

[
− 1

3
√

2
QlT

áikPkj

b́l
+

1

6
√

10
QjT

áikPk

b́
− 1

6
√

10
QT

ákPkj

b́i
+

1

20
√

2
QT

áiPj

b́

− 1

6
√

2
QjklT

ám Pm

b́ikl
+

1

6
√

15
QjklT

ái Pkl

b́
+

1

6
√

15
QklT

á Pj

b́ikl
+

5
√

2

9
QjkT

á P
b́ki
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−1

2

√
3

10
QjkT

á P(S)

b́ki
+

1

2

√
3

10
QjkT

(S)áPb́ki
− 1

2
√

2
QjkT

(S)áP
(S)

b́ki
− 1√

2
QjT

ák Pk

b́i

]
H

i
j

+

[
− 1√

5
QjT

á P
b́ji

+
1√
3
QjT

á P(S)

b́ji
+ 2

√
2

15
QT

ájPj

b́i

]
H

i

+

[
1√
5
QijT

á P
b́j

+
1√
3
QijT

(S)áPb́j
+ 2

√
2

15
QiT

áj Pj

b́

]
Hi

+

[
1

2
√

6
QmT

áij Pkl

b́m
+

1

2
√

30
QkT

áijP l

b́
− 1

2
√

30
QT

áiPkl

b́j
+

1

2
√

6
QklmT

án Pn

b́mij

+
1

3
√

5
QklmT

ái P
b́mj

+
1

3
√

5
QlmT

á Pk

b́mij
+

1

15
√

6
QklT

á P
b́ij

]
H

ij
kl

+

[
1

6
√

5
εijklmQipT

á Pp

b́jn
+

1

6
√

3
εijklmQipT

(S)áP
jn

b́p
+

1

60
εijklmQijT

á Pn

b́

− 1

60
εijklmQinT

á Pj

b́
− 1

12
√

15
εijklmQinT

(S)áP
j

b́
− 1

3
√

6
QnT

áp Pp

b́klm
+

1

3
√

5
QnT

ák P
b́lm

]
H

klm
n

+

[
1

6
√

5
εijklmQpT

áinPb́jp
+

1

6
√

3
εijklmQpT

áinP
(S)

b́jp
− 1

60
εijklmQT

ánPb́ij

− 1

60
εijklmQT

áiPb́jn
− 1

12
√

15
εijklmQT

áiP
(S)

b́jn
+

1

3
√

6
QklmT

áp Pp

b́n
− 1

3
√

5
QlmT

á Pk

b́n

]
H

n
klm

}
.

(4.6)

4.4 The (144 × 144 × 10) couplings

The (144 × 144 × 10) couplings in the superpotential are given by

W
(10) = h

(10)

áb́
< Υ∗

(+)áµ|BΓν |Υ(+)b́µ > Φν (4.7)

where Φν represents the 10-plet of Higgs field. A computation of the couplings using the

techniques of sections 2 and 3 gives the following result in the SU(5) × U(1) decomposed

form

W
(10) = ih

(10)(+)

áb́

{[
1√
15

εijlmnPkT
álmnPb́ik

+
1

3
εijlmnPkT

álmnP
(S)

b́ik
−

√
2

5
εijklmPT

álmP
b́ik

+2
√

2PijT
ák Pk

b́i
−

√
2

5
PiT

á Pj

b́i

]
Hj

+

[
2
√

3

5
PjT

á P
b́jk

− 4√
5
PjT

á P(S)

b́jk
− 2

√
2PT

ájPj

b́k
+

√
2P lT

áijkPij

b́l

− 2√
15

PT

áijPij

b́k

]
H

k

}
(4.8)

Here and in the rest of the paper we define

h
(i)(±)

áb́
=

1

2

(
h

(i)

áb́
± h

(i)

b́á

)
(4.9)

where (i) is the specific tensor representation.
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4.5 The (144 × 144 × 120) coupling

The (144 × 144 × 120) couplings in the superpotential are given by

W
(120) =

1

3!
h

(120)

áb́
< Υ∗

(+)áµ|BΓ[νΓρΓλ]|Υ(+)b́µ > Φνρλ (4.10)

where Φνρλ represents the 120-plet of Higgs field. A computation of the couplings using the

techniques of sections 2 and 3 gives the following result in the SU(5) × U(1) decomposed

form

W
(120) = ih

(120)(−)

áb́

{[
− 1

3
√

10
εijlmnPkT

álmnPb́ik
− 1

3
√

6
εijlmnPkT

álmnP
(S)

b́ik
+

1

5
√

3
εijklmPT

álmP
b́ik

− 2√
3
PijT

ák Pk

b́i
+

1√
15

PiT
á Pj

b́i

]
Hj

+

[
4√
15

PjT
á P

b́jk
− 2

√
2

3
PjT

á P(S)

b́jk
− 4√

3
PT

ájPj

b́k

]
H

k

+

[
− 1

3
√

3
εijlmnPT

ákPk

b́lmn
+

1

3

√
2

5
εijklmPT

ákPb́lm
− 4√

15
PkT

á Pij

b́k
− 2

√
2

5
PiT

á Pj

b́

]
Hij

+

[
4
√

2

5
PkT

ái P
b́jk

+ 4

√
2

15
PkT

ái P(S)

b́jk

]
H

ij

+

[
− 1

3
√

10
εijmnpP lT

ámnpPb́kl
− 1

3
√

6
εijmnpP lT

ámnpP
(S)

b́kl
+

1

5
√

3
εijlmnPT

ámnPb́kl

+
1

3
√

5
εijlmnPT

ámnP
(S)

b́kl
− 2√

3
PijT

ál P l

b́k
− 2√

15
PiT

á Pj

b́k

]
H

k
ij

+

[
− 2√

3
PjT

áklmPmn

b́j
− 1√

15
PjT

á Pn

b́jkl
− 4

3

√
2

5
PT

ákmPmn

b́l
+

2
√

2

15
PT

áklPn

b́

]
H

kl
n

}

(4.11)

4.6 The (144 × 144 × 126) couplings

The (144 × 144 × 126) coupling in the superpotential is

W
(126) =

1

5!
h

(126)

áb́
< Υ∗

(+)áµ|BΓ[νΓρΓσΓλΓθ]|Υ(+)b́µ > Φνρσλθ (4.12)

where Φνρσλθ represents the 126-plet of Higgs field. A computation of the couplings using

the techniques of sections 2 and 3 gives the following result in the SU(5)×U(1) decomposed

form

W
(126) = ih

(126)(+)

áb́

{[
− 8

5
√

3
PiT

á P
b́i

]
H

+

[√
2

5
PjT

á P
b́jk

− 1√
5
PjT

á P(S)

b́jk
−

√
2

5
PT

ájPj

b́k

− 1

3
√

10
P lT

áijkPij

b́l
+

1

15
√

3
PT

áijPij

b́k
+

1

5
√

15
PT

áikPi

b́

]
H

k
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+

[
1

3
√

30
εijlmnPT

ákPk

b́lmn
− 1

15
εijklmPT

ákPb́lm

+
2

5

√
2

3
PkT

á Pij

b́k
+

2

5

√
2

15
PiT

á Pj

b́

]
Hij

+

[
−2

5
PkT

ái P
b́jk

− 2√
15

PkT
ái P(S)

b́jk

]
H

ij
(S)

+

[
1

30
εijmnpP lT

ámnpPb́kl
+

1

6
√

15
εijmnpP lT

ámnpP
(S)

b́kl
− 1

5
√

30
εijlmnPT

ámnPb́kl

− 1

15
√

2
εijlmnPT

ámnP
(S)

b́kl
+

√
2

15
PijT

ál P l

b́k
+

1

5

√
2

3
PiT

á Pj

b́k

]
H

k
ij

+

[
− 1

3
√

15
PnT

áijkPrs

b́n
− 1

15
√

3
PT

áijPrs

b́k
+

√
2

15
PijT

á Prs

b́k

]
H

ijk
rs

}
(4.13)

5. Vector-Spinor Couplings in SO(10) Model Building

In addition to the cubic couplings in the superpotential involving the 144 + 144 multiplets

given in the preceding section, their gauge couplings with vector mutiplets in the singlet

representation and with an adjoint of SO(10) representation are given in the appendix B.

Also given in the appendices are the quartic self-couplings of the 144 + 144 multiplets

which are needed for spontaneous breaking of SO(10) and couplings of 10-plet of matter

fields with 144 + 144 plet of Higgs which are needed to generate Yukawa couplings and

quark-lepton mass textures. In this section we illustrate the use of vector-spinor couplings

for further development of SO(10) model building discussed in ref. [3]. In particular, we

discuss the breaking of SO(10) group down to the Standard Model group, doublet-triplet

splitting, mass growth of quarks and leptons, and baryon and lepton violating dimension

five operators. In ref. [3] it was shown that breaking of SO(10) to the Standard Model

gauge group can be accomplished in one step using 160 + 160 multiplet. In the following

we give a simpler illustration of how this comes about. This simpler example includes in

the superpotential just the multiplets 144 × 144 and only three terms, including the mass

term and interaction terms mediated by 45 and 210 so that

W = W
(144H×144H) + W

(144H×144H)45(144H×144H)45 + W
(144H×144H )210(144H×144H )210 (5.1)

Explicit forms of these couplings are

W
(144H×144H ) = M < Υ∗

(−)µ|B|Υ(+)µ >

W
(144H×144H )45(144H×144H )45 =

Λ45

M ′ < Υ∗
(−)µ|BΣρλ|Υ(+)µ > · < Υ∗

(−)ν |BΣρλ|Υ(+)ν >

W
(144H×144H)210(144H×144H)210 =

Λ210

M ′ < Υ∗
(−)µ|BΓ[ρΓσΓλΓξ]|Υ(+)µ >

· < Υ∗
(−)ν |BΓ[ρΓσΓλΓξ]|Υ(+)ν > (5.2)

Refer to the appendix C for the complete evaluation of the above quartic interactions in

terms of SU(5) fields.
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5.1 One step breaking of SO(10) GUT symmetry

The terms that contribute to one step breaking of GUT symmetry so that SO(10) →
SU(3)C × SU(2)L × U(1)Y are

W
GS

= MQi
jPj

i + α1Qi
jPj

i Qk
l P l

k + α2Qi
kPk

j Qj
lP l

i (5.3)

where

α1 =
1

M ′

(
−Λ45 +

1

6
Λ210

)
, α2 =

1

M ′ (−4Λ45 − Λ210) (5.4)

For symmetry breaking we invoke the following vacuum expectation values (VEV’s)

< Qi
j >= q diag(2, 2, 2,−3,−3), < Pi

j >= p diag(2, 2, 2,−3,−3) (5.5)

and together with the minimization of W
GS

, we find

MM ′

qp
= 116λ45 + 4λ210 (5.6)

The D-flatness condition < 144 >=< 144 > gives q = p. With the above VEV, spontaneous

breaking of SO(10) occurs down to the Standard Model group. We note once again that

in ref. [3] the gauge symmetry breaking was accomplished by use of 160 + 160 while here

are able to get a full breakdown of SO(10) to the Standard Model gauge group in one step

just with 144 + 144.

5.2 Doublet triplet splitting

As discussed in ref. [3]in the scenario with one step breaking of SO(10) both Higgs doublets

and the Higgs triplets will be heavy. However, it is possible to get a pair of light Higgs

doublets by fine tuning, a procedure which is justified in the context of landscape scenarios

as discussed in ref. [3]. Here we illustrate this explicitly for the case of the superpotential of

Eq.(5.1). To this end we collect the relevant terms using mixed SO(10) and SU(5) indices:

W
DT

= M

(
QµPµ − 1

2
QijµP

ij
µ

)
+

Λ45

M ′

(
8Qi

µPjµQikνP
kj
ν + Qi

µPiµQjkνP
jk
ν

+6QµPµQ
i
νPiν

)
+

Λ210

M ′

(
−2

3
Qi

µPjµQikνP
kj
ν − 1

6
Qi

µPiµQjkνP
jk
ν

−1

3
QµPµQ

i
νPiν − 8

3
QµPiµQ

i
νPν

)
(5.7)

when expanded in purely SU(5) indices, we get,

W
DT

=

[
M +

1

M ′

(
6Λ45 −

1

3
Λ210

)
< Qm

n >< Pn
m >

] [
QiP

i + QiPi

]

−8

3

Λ210

M ′ < Qi
m >< Pm

j > QiP
j

[
−1

2
M +

1

M ′

(
Λ45 −

1

6
Λ210

)
< Qm

n >< Pn
m >

] [
Qk

ij +
1

4

(
δk
i Qj − δk

j Qi

)]
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×
[
Pij

k +
1

4

(
δi
kP

j − δ
j
kP

i
)]

+

[
1

M ′

(
Λ45 −

1

6
Λ210

)
< Qi

m >< Pm
j >

] [
Qk

il +
1

4

(
δk
i Ql − δk

l Qi

)]

×
[
Plj

k +
1

4

(
δl
kP

j − δ
j
kP

l
)]

(5.8)

Note that in addition to the pairs of doublets: (Qα, Pα), (Qα, Pα) (α, β, γ = 4, 5) and
pairs of triplets: (Qa, P

a), (Qa, Pa) (a, b, c = 1, 2, 3) there are also pairs of SU(2) doublets

and SU(3)C triplets and anti-triplets that reside in Qk
ij and Pij

k . We denote them by (Q̃α,

P̃α), (Q̃a, P̃a), (Q̃a, P̃a). The mass matrix of the Higgs doublets is given by

2
664

3
5
M + p2

M′
( 666

5
Λ45 − 273

10
Λ210) 1

4

q
15
2

p2

M′
(8Λ45 − 2

3
Λ210) 0

1
4

q
15
2

p2

M′
(8Λ45 − 2

3
Λ210) − 1

2
M + p2

M′
(−37Λ45 + 7

12
Λ210) 0

0 0 M + p2

M′
(180Λ45 − 10Λ210)

3
775 (5.9)

where the columns are labelled by (Qα, Q̃α,Pα) and rows by (Pα, P̃α,Qα) where these are
normalized fields as defined in appendix A. The triplet mass matrix in the basis where the

columns are labelled by (Qa, Q̃a,Pa, P̃a) and rows by (Pa, P̃a,Qa, Q̃a) (where the fields are
normalized fields as defined in appendix A) is given by

2

6

6

6

6

6

6

4

3

5
M+

p2

M′
( 696

5
Λ45−

257

15
Λ210) 1

2

q

5

2

p2

M′
(8Λ45− 2

3
Λ210) 0 0

1

2

q

5

2

p2

M′
(8Λ45− 2

3
Λ210) −1

2
M + p2

M′
(−12Λ45 − 3

2
Λ210) 0 0

0 0 M + p2

M′
(180Λ45 − 10Λ210) 0

0 0 0 − 1

2
M + p2

M′
(−42Λ45 + Λ210)

3

7

7

7

7

7

7

5

(5.10)

It is clear from the above Higgs mass matrices that one needs to diagonalize in the Higgs

doublet sub-sectors (Q̃α, P̃α) and (Qα,Pα) and in the Higgs triplet subsectors (Q̃a, P̃a) and

(Qa,Pa). After, diagonalization we have the following pairs of doublets and triplets:

D1 : (Qα,Pα), T1 : (Qa,Pa)

D2 : (Q′
α,P ′α), T2 : (Q′

a,P ′a)

D3 : (Q̃′
α, P̃ ′α), T3 : (Q̃′

a, P̃ ′a)

T4 : (Q̃a, P̃a) (5.11)

The prime fields above are expressed in terms of the original ones through the following

transformation matrices
[

(Q′
a,P ′a)

(Q̃′
a, P̃ ′a)

]
=

[
cos ϑT sin ϑT

− sinϑT cos ϑT

] [
(Qa,Pa)

(Q̃a, P̃a)

]
(5.12)

[
(Q′

α,P ′α)

(Q̃′
α, P̃ ′α)

]
=

[
cos ϑD sin ϑD

− sinϑD cos ϑD

] [
(Qα,Pα)

(Q̃α, P̃α)

]
(5.13)

where

tan ϑT =
1

t3

(
t2 +

√
t2

2 + t3
2
)

, tan ϑD =
1

d3

(
d2 +

√
d2

2 + d3
2

)
(5.14)
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and that

d1 =
1

10
M +

p2

M ′

(
481

5
Λ45 −

1603

60
Λ210

)

d2 = −11

10
M +

p2

M ′

(
−851

5
Λ45 +

1673

60
Λ210

)

d3 =
1

2

√
15

2

p2

M ′

(
8Λ45 −

2

3
Λ210

)

t1 =
1

10
M +

p2

M ′

(
636

5
Λ45 −

559

30
Λ210

)

t2 = −11

10
M +

p2

M ′

(
−756

5
Λ45 +

469

30
Λ210

)

t3 =

√
5

2

p2

M ′

(
8Λ45 −

2

3
Λ210

)
(5.15)

The mass eigenvalues are found to be

MD2,D3 =
1

2

(
d1 ±

√
d2

2 + d3
2

)

MT2,T3 =
1

2

(
t1 ±

√
t2

2 + t3
2
)

(5.16)

and of course

MD1 = MT1 = M +
p2

M ′ (180Λ45 − 10Λ210)

MT4 = −1

2
M +

p2

M ′ (−42Λ45 + Λ210) (5.17)

As an illustration we discuss in further detail the implication of the massless-ness condition

for the doublet D2. Here the condition MD2 = 0 together with the symmetry breaking

condition, Eq. (5.6) gives a relationship among the parameters Λ45 and Λ210

(
539

5
Λ45 −

1579

60
Λ210

)2

=

(
−1489

5
Λ45 +

1409

60
Λ210

)2

+
15

8

(
8Λ45 −

2

3
Λ210

)2

(5.18)

The two roots to the equations above are

Λ210 ≈ 8.1Λ45 , Λ210 ≈ −67.6Λ45 (5.19)

Using the roots above the full doublet-triplet Higgs mass spectrum can now be computed.

The results are summarized in the table below.

Massless Doublet D2. MD and MT are in units of M ≡ p2

M ′
Λ45

M

M

Λ210

Λ45

MD1
MD3

MT1
MT2

MT3
MT4

148.4 8.1 247.4 -105.4 247.4 89.47 −98.4 −108.1

−154.4 −67.6 701.4 1887 701.6 1207 164.9 -32.4

We note that in the above only one pair of Higgs doublets is light while the remaining

doublets and triplets are all heavy. Thus below the GUT scale one recovers the spectrum

of MSSM. Further, one may carry out a similar analysis for the cases when MD1 = 0 and

MD3 = 0.
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5.3 Quark, lepton and neutrino masses

As pointed out in ref. [3] the quark, lepton and neutrino masses can arise from the quartic

couplings involving two 16-plets of matter and two 144-plet of Higgs fields. Cubic Yukawa

couplings arise when one of the two 144-plets is replaced by a VEV while mass terms

arise when the remaining Higgs field in the cubic interaction develops a VEV. As an

illustration of how this comes about in a concrete way we will consider the following quartic

coupling for computing the masses of quarks and leptons: (16×16)120(144×144)120, (16×
16)120(144×144)120, (16×16)126(144×144)126 . However, this subsection is to be treated as

an independent one. That is we do not make use of the results of the previous subsections

here.

The relevant terms in Eqs. (139), (141) and (144) that gives mass growth to quarks

and leptons are

W
(120)

mass = ξ
(120)(−)

áb́,ćd́

[
−4

3
εijklmMijT

á Mkn

b́

4

3
PxT

ćn P lm

d́x
− 4

3
√

5
εijklmMijT

á Mkn

b́
P lT

ćnPm

d́

−16

3
MijT

á M
b́j
PT

ćkPk

d́i
− 16

3
MT

á M
b́i
PijT

ćk Pk

d́j

− 8

3
√

5
MT

á M
b́i
PjT

ć Pi

d́j
+

32

15
MT

áiMb́j
PjT

ć Pi

d́

]

+ζ
(120)(−)

áb́,ćd́

[
4

3
εijklmMijT

á Mkl

b́
QnT

ć Qm

d́n
+

16

3
MT

áiM
jk

b́
QiT

ćxQx

d́jk

−16

3
MT

áiM
ij

b́
QkT

ćx Qx

d́kj
+

16

3
√

5
MT

áiM
jk

b́
QiT

ćj Qd́k

+
8

3
√

5
MT

áiM
ij

b́
QkT

ćj Q
d́k

− 16

3
MT

á M
b́i
QjT

ć Qi

d́j

]
(5.20)

and

W
(126,126)

mass = %
(126,126)(+)

áb́,ćd́

[
4

15
εijklmMijT

á Mkl

b́
QnT

ć Qm

d́n

− 4

15
MijT

á M
b́k

(
QlT

ćijQk

d́l
− 1√

5
QT

ćjQk

d́i

)

+
1

15
MijT

á M
b́j

(
2QlT

ćikQk

d́l
+

1√
5
QT

ćkQk

d́i

)

+
32

5
MT

á M
b́i
QjT

ć Qi

d́j
+

16

15
√

5
MT

á M
b́
QiT

ć Q
d́i

]
(5.21)

For completeness we identify the Standard Model particles as follows:

Má = ν
C
Lá; Máα = DC

Láα; Mαβ
á = εαβγUC

Láγ ; Má4 = E−
Lá

M4α
á = Uα

Lá; Má5 = νLá; M5α
á = Dα

Lá; M45
á = E+

Lá (5.22)

where α, β, γ = 1, 2, 3 are color indices and the superscript C denotes charge conjugation.

We adopt the convention that all particles are left handed(L).
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We now single out the terms that are candidates for Majorana and Dirac neutrinos,

Type II see-saw mechanism, down-type and up-type quarks and charged leptons.

Candidates for Majorana Neutrinos:

MáMb́

{[
16

15
√

5
%

(126,126)(+)

áb́,ćd́

]
Qi

ćQd́i

}
(5.23)

Candidates for Dirac Neutrinos:

MáiMb́

{[
8

3
√

5
ξ

(120)(−)

áb́,ćd́

]
Pj

ćPi

d́j
+

[
16

3
ξ

(120)(−)

áb́,ćd́

]
Pij

ćkPk

d́j

+

[
32

5
%

(126,126)(+)

áb́,ćd́
+

16

3
ζ

(120)(−)

áb́,ćd́

]
Qj

ćQi

d́j

}
(5.24)

Candidates for Type II See-Saw Mechanism:

MáiMb́j

[
−32

15
ξ

(120)(−)

áb́,ćd́

]
Pi

ćPj

d́
(5.25)

Candidates for Down-type Quarks and Charged Leptons:

Mij
á M

b́j

{[
−16

3
ξ

(120)(−)

áb́,ćd́

]
Pk

ćiPd́k

+

[
1

15
√

5
%

(126,126)(+)

áb́,ćd́
+

8

3
√

5
ζ

(120)(−)

áb́,ćd́

]
QćkQk

d́j

+

[
2

15
%

(126,126)(+)

áb́,ćd́
− 16

3
ζ

(120)(−)

áb́,ćd́

]
Ql

ćikQk

d́l

}

+Mij
á M

b́k

{
1√
5

[
4

15
√

5
%

(126,126)(+)

áb́,ćd́
+

16

3
√

5
ζ

(120)(−)

áb́,ćd́

]
QćjQk

d́i

+

[
− 4

15
%

(126,126)(+)

áb́,ćd́
+

16

3
ζ

(120)(−)

áb́,ćd́

]
Ql

ćijQk

d́l

}
(5.26)

Candidates for Up-type Quarks:

εijklmMij
á Mkl

b́

{[
4

15
%

(126,126)(+)

áb́,ćd́
+

4

3
ζ

(120)(−)

áb́,ćd́

]
Qn

ćQm

d́n

}

+εijklmMin
á Mjk

b́

{[
4

3
ξ

(120)(−)

áb́,ćd́

]
Pp

ćnP lm

d́p
+

[
4

3
√

5
ξ

(120)(−)

áb́,ćd́

]
P l

ćnPm

d́

}
(5.27)

Next we identify the SU(3)C × U(1)em conserving VEV’s:

(
< Qi

ćj >

< P i
ćj >

)
=

(
qć

pć

)
diag(2, 2, 2,−3,−3)

< Qk
ćj5 >=

1

2

√
3

2
< Q̃ć5 >

(
1

4
δk
j − δk

4δ4
j

)

< Pj5
ćk >=

1

2

√
3

2
< P̃5

ć >

(
1

4
δ
j
k − δ

j
4δ

4
k

)
(5.28)
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To make further progress, we define the following mass parameters

α
(120)

1 áb́
= 13

√
2
3ζ

(120)(−)

áb́,ćd́
< Q̃ć5 > q

d́
, α

(120)

2 áb́
= − 8

3
√

5
ζ

(120)(−)

áb́,ćd́
< Qć5 > q

d́

α
(120)

3 áb́
= 16ξ

(120)(−)

áb́,ćd́
< Pć5 > p

d́
, α

(126)

1 áb́
= − 11

5
√

5
%

(126,126)(+)

áb́,ćd́
< Qć5 > q

d́

α
(126)

2 áb́
= − 11

20
√

6
%

(126,126)(+)

áb́,ćd́
< Q̃ć5 > q

d́

a
(120)

1 áb́
= −16ζ

(120)(−)

áb́,ćd́
< Q5

ć > q
d́
, a

(120)

2 áb́
= − 8√

5

√
6ξ

(120)(−)

áb́,ćd́
< P5

ć > p
d́

a
(120)

3 áb́
= 3

√
3ξ

(120)(−)

áb́,ćd́
< P̃5

ć > p
d́
, a

(126)

áb́
= −32

5 %
(126,126)(+)

áb́,ćd́
< Q5

ć > q
d́

We now compute the down quark (Mdown), charged lepton (Melectron), up quark

(Mup), Dirac neutrino (MDirac ν), RR type neutrino (MRR) and LL type neutrino (MLL)

mass matrices in terms of the mass parameters defined above.

Mdown

áb́
= (A + B)

áb́

Melectron

áb́
= (A − 3B)

áb́
(5.29)

where

A
áb́

=

[
59

52
α

(120)
1 +

7

2
α

(120)
2 + α

(120)
3 +

16

11
α

(126)
1 +

29

22
α

(126)
2

]

áb́

(5.30)

B
áb́

=

[
7

52
α

(120)
1 +

5

2
α

(120)
2 +

5

11
α

(126)
1 +

7

22
α

(126)
2

]

áb́

(5.31)

and for the up quark and Dirac neutrino masses one has

M
up

áb́
=

[
a

(120)
1 + a

(120)
2 + a

(120)
3 + a(126)

]
áb́

(5.32)

MDirac ν

áb́
=

[
−a

(120)
1 − a

(120)
2 +

5

3
a

(120)
3 +

1

3
a(126)

]

áb́

(5.33)

Majorana masses of RR and LL type for the neutrinos is given by

MRR

áb́
= − 16

15
√

5
%

(126,126)(+)

áb́,ćd́
< Q5

ć >< Q
d́5 > (5.34)

MLL

áb́
=

32

15
ξ

(120)(−)

áb́,ćd́
< P5

ć >< P5
d́

> (5.35)

For real model building one may now consider one at a time each of the doublets (Qáα,Pα
á ),

(Qα
á ,Páα), (Q̃áα, P̃α

á ) massless and find the corresponding contribution to quark and lepton

masses.
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5.4 Baryon and lepton number violating dimension five operators

In supesymmetric theories with R parity the dominant proton decay arises from dimension

five operators [13 – 15]. Here we look for baryon and lepton number violating dimension five

operators in1 (16 × 16)10 (144 × 144)10, (16 × 16)10
(
144 × 144

)
10

and (16 × 16)126(144 ×
144)126. We first collect all the terms from the three quartic couplings which contribute to

baryon and lepton violating interactions. These are

W = Mij
á M

b́j

{[
16ξ

(10)(+)

áb́,ćd́

]
< Pk

ći > P
d́k

+

[
1

15
√

5
%

(126,126)(+)

áb́,ćd́
+

8√
5
ζ

(10)(+)

áb́,ćd́

]
Qćk < Qk

d́j
>

+

[
2

15
%

(126,126)(+)

áb́,ćd́
+ 16ζ

(10)(+)

áb́,ćd́

]
Ql

ćik < Qk

d́l
>

}

+Mij
á M

b́k

{[
4

15
√

5
%

(126,126)(+)

áb́,ćd́

]
Qćj < Qk

d́i
> +

[
− 4

15
%

(126,126)(+)

áb́,ćd́

]
Ql

ćij < Qk

d́l
>

}

+εijklmMij
á Mkl

b́

{[
4

15
%

(126,126)(+)

áb́,ćd́
+ 2ζ

(10)(+)

áb́,ćd́

]
Qn

ć < Qm

d́n
> +2

[
ξ

(10)(+)

áb́,ćd́

]
< Pp

ćn > Pnm

d́p

− 1√
5

[
ξ

(10)(+)

áb́,ćd́

]
< Pm

ćn > Pn

d́

}
(5.36)

Expanding and collecting the relevant terms and inserting the triplet mass terms respon-

sible for proton decay we find

W
B&L

= J(1)aPa + Ka
(1)Qa + M(Qa,Pa)QaPa

+J(2)aP̃a + Ka
(2)Q̃a + M

( eQa, ePa)
Q̃aP̃a

+Ja
(3)Pa + K(3)aQa + M(Qa,Pa)QaPa

+K(4)aQ̃a + M( eQa, ePa)Q̃
aP̃a (5.37)

where we have defined

J(1)a =

[
− 2√

5
pξ

(10)(+)

áb́

]
εaijklM

ij
á Mkl

b́

J(2)a =

[
10

√
2

3
pξ

(10)(+)

áb́

]
εaijklM

ij
á Mkl

b́

Ja
(3) =

[
−32pξ

(10)(+)

áb́

]
MáiM

ia

b́

Ka
(1) =

[
− 16√

5
qζ

(10)(+)

áb́
+

2

3
√

5
q%

(126,126)(+)

áb́

]
MáαM

αa

b́

+

[
− 16√

5
qζ

(10)(+)

áb́
− 2

3
√

5
q%

(126,126)(+)

áb́

]
MábM

ba

b́

Ka
(2) =

[
80

√
2

3
qζ

(10)(+)

áb́
− 2

15

√
2

3
q%

(126,126)(+)

áb́

]
MáαM

αa

b́

+

[
80

√
2

3
qζ

(10)(+)

áb́
+

2

15

√
2

3
q%

(126,126)(+)

áb́

]
MábM

ba

b́

1For a complete analysis see ref. [4].

– 18 –



J
H
E
P
0
2
(
2
0
0
6
)
0
2
2

K(3)a =

[
4qζ

(10)(+)

áb́
+

8

15
q%

(126,126)(+)

áb́

]
εaijklM

ij
á Mkl

b́

K(4)a =

[
−4

√
2

15
q%

(126,126)(+)

áb́

]
MáaM

αβ

b́
εαβ (5.38)

Integrating out the Higgs triplet fields in Eq.(5.37) and expanding the results in Standard

Model particle states, we get

W
dim−5
B&L

= 128pq

{(
1

5M(Qa,Pa)
+

50

3M( eQa, ePa)

)
ξ

(10)(+)

áb́
ζ

(10)(+)

ćd́

− 4

M(Qa,Pa)

(
ζ

(10)(+)

áb́
+

2

15
%

(126,126)(+)

áb́

)
ξ

(10)(+)

ćd́

}

×
[
εabcU

a
LáD

b

Lb́

(
E−

LćU
c

Ld́
+ νLćD

c

Ld́

)
+ 2εabcUC

LáaE
+

Lb́
DC

LćbU
C
Ld́c

]

−16

3
pq

{(
1

5M(Qa,Pa)
+

2

3M
( eQa, ePa)

)
ξ

(10)(+)

áb́
%

(126,126)(+)

ćd́

}

×
[
εabcU

a
LáD

b

Lb́

(
E−

LćU
c

Ld́
+ νLćD

c

Ld́

)
− 2εabcUC

LáaE
+

Lb́
DC

LćbU
C
Ld́c

]
(5.39)

The above analysis shows that there are different varieties of contributions to the dimension

five operator than one encounters in the minimal SO(10) model. Specifically, here one has

contributions from the HIggs triplets and anti-triplets arising from the 45 and 45 SU(5)

components of 144 and 144. The above raises the possibility of cancellations among various

contributions allowing for the enhancement of the proton lifetime [4].

6. Conclusions

In this paper we have given an analysis of the couplings of the 144 + 144 multiplets. The

144 multiplet is interesting since it allows for the breaking of SO(10) symmetry in a single

step down to the Standard Model gauge group symmetry SU(3)C ×SU(2)L ×U(1)Y . The

144 multiplet is a vector-spinor representation of SO(10) with a constraint. The constraint

is needed to reduce the components of the vector-spinor from 160 down to 144. These

features make the analysis of the couplings of 144 and of 144 more complex than the

couplings of ordinary spinors and tensor representations of SO(10). In this paper we have

utilized the techniques of the basic theorem to compute a variety of couplings involving

the constrained vector-spinors: cubic couplings involving vector-spinors and tensors, self-

couplings of the vector-spinors, and couplings of the vector-spinors with the 16 and 16

spinor representations of SO(10). These couplings all enter in model building involving

the spinors. Of course, the full set of couplings involving the vector-spinors are even larger,

but these can also be computed using the techniques discussed here. We have shown how

the breaking of SO(10) to the Standard Model gauge group can occur in a single step

just one one pair of 144 + 144 plet of Higgs. We have also given illustrative examples

of how Yukawa couplings, quark-lepton masses, and Dirac and Majorana neutrino masses

arise from the couplings involving the 144 plet of Higgs. Finally we have exhibited how
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the baryon and lepton number violating interactions arise from the matter and 144 -plet

couplings. The computations of the couplings given in section 4, and in appendices B–G

and well as the analysis of section 5 constitute the new results of this paper. It is hoped

that the techniques and the results presented here will be helpful in further development

of model building involving the vector-spinor representation.
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A. Irreducible decompositions, normalization conditions, and notation

In this appendix we discuss the SU(5) irreducible decomposition of the fields in 160 + 160

plets, normalize the SU(5) fields contained in 144 + 144 plets, few remarks about the

notation used in the paper and finally give the SU(2) × SU(3) decomposition of the 45

and 45 SU(5) multiplets. The SU(5) fields in 160 + 160 plets (see Eqs. (11) and (12)) are

extracted from the reducible fields appearing in eqs. (3.1) and (3.2) as follows:

100 = 50 + 50 : Pij
µ =

(
Pij

ck
,Pij

ck

)
≡

(
R[ij]k,R

[ij]
k

)

100 = 50 + 50 : Qµij = (Qijck
,Qijck

) ≡
(
Sk

[ij],S[ij]k

)

50 = 25 + 25 : Piµ = (Pick
,Pick

) ≡
(
Rk

i ,Rik

)

50 = 25 + 25 : Qi
µ =

(
Qi

ck
,Qi

ck

)
≡

(
Si

k,S
ik

)

10 = 5 + 5 : Pµ = (Pck
,Pck

) ≡
(
Pk,Pk

)

10 = 5 + 5 : Qµ = (Qck
,Qck

) ≡
(
Qk,Qk

)

50 = 45 + 5 : R
[ij]
k = Pij

k +
1

4

(
δ
j
kP̂

i − δi
kP̂

j
)

50 = 45 + 5 : Si
[jk] = Qi

jk +
1

4

(
δi
kQ̂j − δi

jQ̂k

)

50 = 40 + 10 : R[ij]k = εijlmnPk
lmn + εijklmP̂lm

50 = 40 + 10 : S[ij]k = εijlmnQ
lmn
k + εijklmQ̂lm

25 = 24 + 1 : Ri
j = Pi

j +
1

5
δi
jP̂

25 = 24 + 1 : Si
j = Qi

j +
1

5
δi
jQ̂

25 = 10 + 15 : Rij =
1

2

(
Pij + P

(S)
ij

)
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25 = 10 + 15 : Sij =
1

2

(
Qij + Qij

(S)

)
(A.1)

To normalize the SU(5) fields contained in the tensor, |Υ(±)µ >, we carry out a field

redefinition

{5} : Pi = Pi, {5} : Pi =
2√
5
Pi, {10} : Pij =

√
6

5
Pij

{15} : P
(S)
ij =

√
2P(S)

ij , {24} : Pi
j = Pi

j , {40} : Pl
ijk =

1

6
P l

ijk

{45} : Pij
k = Pij

k (A.2)

{5} : Qi = Qi, {5} : Qi =
2√
5
Qi, {10} : Qij =

√
6

5
Qij

{15} : Qij
(S) =

√
2Qij

(S), {24} : Qi
j = Qi

j , {40} : Qijk
l =

1

6
Qijk

l

{45} : Qk
ij = Qk

ij (A.3)

In terms of the normalized fields, the kinetic energy of the 144 and 144:

− < ∂AΥ(±)µ|∂AΥ(±)µ > takes the form

L
144
kin = −∂APi†∂APi − ∂AP†

i ∂
APi −

1

2!
∂APij†∂APij

− 1

2!
∂APij†

(S)∂
AP(S)

ij − ∂APi†
j ∂APj

i − 1

3!
∂APijk†

l ∂AP l
ijk

− 1

2!
∂APk†

ij ∂APij
k (A.4)

L
144
kin = −∂AQ†

i∂
AQi − ∂AQi†∂AQi −

1

2!
∂AQ†

ij∂
AQij

− 1

2!
∂AQ(S)†

ij ∂AQij
(S) − ∂AQi†

j ∂AQj
i −

1

3!
∂AQl†

ijk∂
AQijk

l

− 1

2!
∂AQij†

k ∂AQk
ij (A.5)

where A = 0, 1, 2, 3 represents the Lorentz index.

For ease of reference we give below the notations that will be used in much of the

paper(i) The set of indices (U ,U ′)...(Z,Z ′) run over several Higgs representations of the

same kind, (ii) M(.) represents mass matrices h(.), h̄(.), f (.), f̄ (.), g(.), ḡ(.); k(.), k̄(.), l(.),

l̄(.) are constants, (iii) An antisymmetric product of four Γ’s for example, is represented

by Γ[µΓνΓρΓλ] = 1
4!

∑
P (−1)δP ΓµP (1)

ΓνP (2)
ΓρP (3)

ΓλP (4)
with

∑
P denoting the sum over all

permutations and δP takes on the value 0 and 1 for even and odd permutations respectively.

We discuss now the SU(2) × SU(3) decomposition of the 45 and 45 SU(5) multiplets

used in model building in section 4. We denote the doublets that arise from these (Q̃α,

P̃α), and the triplets by (Q̃a, P̃a), (Q̃a, P̃a). We exhibit the decompositions below.

Qb
bα = −Qβ

βα = Q̃α, Pbα
b = −Pβα

β = P̃α

– 21 –



J
H
E
P
0
2
(
2
0
0
6
)
0
2
2

Qb
ba = −Qβ

βa = Q̃a, Pba
b = −Pβa

β = P̃a

Qa
bα = Q̃a

bα +
1

3
δa
b Q̃α, Paα

b = P̃aα
b +

1

3
δa
b P̃

α, Q̃b
bα = 0 = P̃bα

b

Qα
βa = Q̃α

βa −
1

2
δα
β Q̃a, Pab

α = P̃αa
β − 1

2
δα
β P̃a, Q̃α

αb = 0 = P̃αb
α

Qa
bc = Q̃a

bc +
1

2

(
δa
b Q̃c − δa

c Q̃b

)
, Pab

c = P̃ab
c +

1

2

(
δa
c P̃

b − δb
cP̃a

)
, Q̃a

ab = 0 = P̃ab
a

Qα
βγ = Q̃α

βγ +
(
δα
γ Q̃β − δα

β Q̃γ

)
, Pαβ

γ = P̃αβ
γ +

(
δβ
γ P̃α − δα

γ P̃β

)
, Q̃α

αβ = 0 = P̃αβ
α

Qa
αβ = εαβQ̃

a, Pαβ
a = εαβP̃a (A.6)

The kinetic energy of the 45 and 45 fields is given by

−∂AQk
ij∂

AQk†
ij − ∂APij

k ∂APij†
k = −∂AQ̃α∂AQ̃†

α − ∂AQ̃a∂
AQ̃†

a − ∂AQ̃a∂AQ̃a†

−∂AP̃α∂AP̃α† − ∂AP̃a∂AP̃a† − ∂AP̃a∂
AP̃†

a − .... (A.7)

so that the doublet and triplet fields are normalized according to

Q̃α =
1

2

√
3

2
Q̃α, Q̃a =

√
1

2
Q̃a, Q̃a =

1√
2
Q̃a

P̃α =
1

2

√
3

2
P̃α, P̃a =

√
1

2
P̃a, P̃a =

1√
2
P̃a (A.8)

B. The gauge couplings of vector-spinors

In this appendix we compute the interactions of the 144 and 144 with gauge tensors 1 and

45.

B.1 The 144
† × 144 × 1 couplings

These couplings are given by

L
(1)
++ = g

(1)

áb́
< Υ(+)áµ|γ0γA|Υ(+)b́µ > ΦAρσ (B.1)

where γA(A,B = 0 − 3) spans the Clifford algebra associated with the Lorentz group. An

explicit analysis in the SU(5) × U(1) basis gives

L
(1)
++ = g

(1)

áb́

{[
P i

ájγ
APj

b́i
+ P ij

á γAP
b́ij

+
1

2
P ij

(S)áγ
AP(S)

b́ij
+

1

2
Pk

áijγ
APij

b́k

+P áiγ
APi

b́
+

1

6
P i

áγ
AP

b́i
+

1

2
Pijk

ál γAP l

b́ijk

]
GA (B.2)

B.2 The 144† × 144 × 1 couplings

These couplings are given by

L
(1)
−− = ḡ

(1)

áb́
< Υ(−)áµ|γ0γA|Υ(−)b́µ > ΦAρσ (B.3)
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An explicit analysis in the SU(5) × U(1) basis gives

L
(1)
−− = ḡ

(1)

áb́

{[
Qj

áiγ
AQi

b́j
+ Qáijγ

AQij

b́
+

1

2
Q(S)

áij γAQij

(S)b́
+

1

2
Qij

ákγ
AQk

b́ij

+Qi
áγ

AQ
b́i

+
1

6
Qáiγ

AQi

b́
+

1

2
Ql

áijkγ
AQijk

b́l

]
GA (B.4)

B.3 The 144
† × 144 × 45 couplings

These couplings are defined by

L
(45)
++ =

1

i

1

2!
g

(45)

áb́
< Υ(+)áµ|γ0γAΣρσ|Υ(+)b́µ > ΦAρσ (B.5)

An expansion in the SU(5) × U(1) basis using the Basic Theorem gives

L
(45)
++ = g

(45)

áb́

{[
− 3√

5
P i

ájγ
APj

b́i
− 7

10
√

5
P ij

á γAP
b́ij

− 3

2
√

5
P ij

(S)áγ
AP(S)

b́ij
+

1

2
√

5
Pk

áijγ
APij

b́k

+
21

5
√

5
P áiγ

APi

b́
−

√
5P i

áγ
AP

b́i
+

1

6
√

5
Pijk

ál γAP l

b́ijk

]
GA

+

[
1√
2
Pk

áγ
AP lm

b́k
+

1√
10

P l
áγ

APm

b́
+

2√
15

P lk
á γAPm

b́k
+

1√
2
Pklm

án γAPn

b́k

− 1

20
√

3
εijklmP áiγ

AP
b́jk

+
1

3
√

10
εijklmP ánγAPn

b́ijk
− 1

4

√
3

5
εijklmPn

áijγ
AP

b́nk

+
1

4
εijklmPn

áijγ
AP(S)

b́nk

]
GAlm

+

[
1√
2
Pk

álmγAP
b́k

− 1√
10

P álγ
AP

b́m
+

2√
15

Pk
álγ

AP
b́km

+
1√
2
Pk

ánγAPn

b́klm

− 1

20
√

3
εijklmPij

á γAPk

b́
+

1

3
√

10
εijklmPijk

án γAPn

b́
+

1

4

√
3

5
εijklmP in

á γAPjk

b́n

+
1

4
εijklmP in

(S)áγ
APjk

b́n

]
G

lm
A

+

[√
2P l

áikγ
APkj

b́l
− 1√

10
Pj

áikγ
APk

b́
+

1√
10

P ákγ
APkj

b́i
− 3

10
√

2
Paiγ

APj

b́

+
1√
2
Pjkl

ámγAPm

b́kli
− 1√

15
Pjkl

ái γAP
b́kl

− 1√
15

Pkl
á γAPj

b́ikl
− 17

15
√

2
Pjk

á γAP
b́ki

+

√
3

10
Pjk

á γAP(S)

b́ki
−

√
3

10
Pjk

(S)áγ
AP

b́ki
+

1√
2
Pjk

(S)áγ
AP(S)

b́ki
+

√
2Pj

ákγ
APk

b́i

]
G

i
Aj

}

(B.6)

The barred matter fields are defined so that Pjk
á = Pjk†

á γ0, etc..

B.4 The 144† × 144 × 45 couplings

These gauge couplings are defined by
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L
(45)
−− =

1

i

1

2!
ḡ

(45)

áb́
< Υ(−)áµ|γ0γAΣρσ|Υ(−)b́µ > ΦAρσ (B.7)

An analysis in the SU(5) × U(1) basis using the Basic Theorem gives

L
(45)
−− = ḡ

(45)

áb́

{[
3√
5
Qj

áiγ
AQi

b́j
+

7

10
√

5
Qáijγ

AQij

b́
+

3

2
√

5
Q(S)

áij γAQij

(S)b́
− 1

2
√

5
Qij

ákγ
AQk

b́ij

− 21

5
√

5
Qi

áγ
AQ

b́i
−

√
5Qáiγ

AQi

b́
− 1

6
√

5
Ql

áijkγ
AQijk

b́l

]
GA

+

[
1√
2
Qlm

ák γAQk

b́
+

1√
10

Qm
á γAQl

b́
+

2√
15

Qm
ákγ

AQlk

b́
+

1√
2
Qn

ákγ
AQklm

b́n

− 1

20
√

3
εijklmQájkγ

AQ
b́i

+
1

3
√

10
εijklmQn

áijkγ
AQ

b́n
− 1

4

√
3

5
εijklmQánkγ

AQn

b́ij

+
1

4
εijklmQ(S)

ánkγ
AQn

b́ij

]
GAlm

+

[
1√
2
Qákγ

AQk

b́lm
− 1√

10
QámγAQ

b́l
+

2√
15

QákmγAQk

b́l
+

1√
2
Qn

áklmγAQk

b́n

− 1

20
√

3
εijklmQk

áγ
AQij

b́
+

1

3
√

10
εijklmQn

áγAQijk

b́n
+

1

4

√
3

5
εijklmQjk

ánγAQin

b́

+
1

4
εijklmQjk

ánγAQin

(S)b́

]
G

lm
A

+

[
−
√

2Qkj
ál γ

AQl

b́ik
+

1√
10

Qk
áγ

AQj

b́ik
− 1√

10
Qkj

ái γ
AQ

b́k
+

3

10
√

2
Qj

áγ
AQ

b́i

− 1√
2
Qm

áiklγ
AQjkl

b́m
+

1√
15

Qáklγ
AQjkl

b́i
+

1√
15

Qj
áiklγ

AQkl

b́
+

17

15
√

2
Qákiγ

AQjk

b́

−
√

3

10
Q(S)

ákiγ
AQjk

b́
+

√
3

10
Qákiγ

AQjk

(S)b́
− 1√

2
Q(S)

ákiγ
AQjk

(S)b́
−

√
2Qk

áiγ
AQj

b́k

]
G

i
Aj

}

(B.8)

C. Higgs sector quartic couplings

We discuss now the quartic couplings involving four vector-spinors. We will discuss specif-

ically the quartic couplings that arise from the cubic couplings discussed in section 4 by

elimination of the 1, 45 and 210 fields assuming they are heavy in the 144× 144 couplings

and by elimination of 10, 120 and 126 + 126 assuming they are heavy for the 144 × 144

couplings. We first discuss the quartic couplings that arise from the elimination of 1, 10,

45. In this case we start with the superpotenial

W
(1,45,210) = h

(1)

áb́
< Υ∗

(−)áµ|B|Υ(+)b́µ > k
(1)

X
ΦX +

1

2
ΦXM

(1)

XX ′ΦX ′

+
1

2!
h

(45)

áb́
< Υ∗

(−)áµ|BΣρσ|Υ(+)b́µ > k
(45)

Y
ΦρσY +

1

2
ΦρσYM

(45)

YY ′ΦρσY ′

+
1

4!
h

(210)

áb́
< Υ∗

(−)áµ|BΓ[νΓρΓσΓλ]|Υ(+)b́µ > k
(210)

Z
ΦνρσλZ

+
1

2
ΦνρσλZM

(210)

ZZ′ ΦνρσλZ′ (C.1)
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We then eliminate ΦX , ΦρσY , ΦνρσλZ assuming they are superheavy using the F-flatness

conditions
∂W(1,45,210)

∂ΦX
= 0,

∂W(1,45,210)

∂ΦρσY
= 0,

∂W(1,45,210)

∂ΦνρσλZ
= 0 (C.2)

We discuss now the individual contribution arising from the elimination of 1, 45 and 210

separately.

C.1 The
(
144 × 144

)
1

(
144 × 144

)
1

couplings

The
(
144 × 144

)
1

(
144 × 144

)
1

couplings gotten by the singlet mediation are given by

W
(1)
dim−5 = 2λ

(1)

áb́,ćd́
< Υ∗

(−)áµ|B|Υ(+)b́µ >< Υ∗
(−)ćλ|B|Υ(+)d́λ

> (C.3)

where

< Υ∗
(−)áµ|B|Υ(+)b́µ >= i

{
3

5
QT

áiPi

b́
+ QiT

á P
b́i

+
1

10
QijT

á P
b́ij

+
1

2
QijT

(S)áP
(S)

b́ij

+QiT
áj Pj

b́i
− 1

6
QijkT

ál P l

b́ijk
− 1

2
QkT

áijPij

b́k

}
(C.4)

Explicit evaluation of the above quantities gives

W
(1)
dim−5 = λ

(1)

áb́,ćd́

{
−18

25
QT

áiPi

b́
QT

ćjPj

d́
− 12

5
QT

áiPi

b́
QjT

ć P
d́j

− 6

25
QT

áiPi

b́
QjkT

ć P
d́jk

−6

5
QT

áiPi

b́
QjkT

(S)ćP
(S)

d́jk
− 12

5
QT

áiPi

b́
QjT

ćk Pk

d́j
+

2

5
QT

áiPi

b́
QjklT

ćm Pm

d́jkl

+
6

5
QT

áiPi

b́
QjT

ćklPkl

d́j
− 2QiT

á P
b́i
QjT

ć P
d́j

− 2

5
QiT

á P
b́i
QjkT

ć P
d́jk

−2QiT
á P

b́i
QjkT

(S)ćP
(S)

d́jk
− 4QiT

á P
b́i
QjT

ćk Pk

d́j
+

2

3
QiT

á P
b́i
QklmT

ćj Pj

d́klm

+2QiT
á P

b́i
QjT

ćklPkl

d́j
− 1

50
QijT

á P
b́ij

QklT
ć P

d́kl
− 1

5
QijT

á P
b́ij

QklT
(S)ćP

(S)

d́kl

−2

5
QijT

á P
b́ij

QkT
ćl P l

d́k
+

1

15
QijT

á P
b́ij

QklmT

ćn Pn

d́klm
+

1

5
QijT

á P
b́ij

QkT
ćlmP lm

d́k

−1

2
QijT

(S)áP
(S)

b́ij
QklT

(S)ćP
(S)

d́kl
− 2QijT

(S)áP
(S)

d́ij
QkT

ćl P l

d́k
+

1

3
QijT

(S)áP
(S)

d́ij
QklmT

ćn Pn

d́klm

+QijT

(S)áP
(S)

d́ij
QkT

ćlmP lm

d́k
− 2QiT

áj Pj

b́i
QkT

ćl P l

d́k
+

2

3
QiT

áj Pj

b́i
QlmnT

ćk Pk

d́lmn

+2QiT
áj Pj

b́i
QkT

ćlmP lm

d́k
− 1

18
QijkT

ál P l

b́ijk
QmnoT

ćp Pp

d́mno
− 1

3
QijkT

ál P l

b́ijk
QmT

ćnoPno

d́m

−1

2
QkT

áijPij

b́k
QlT

ćmnP l

d́mn

}
(C.5)

where we have defined

λ
(1)

áb́,ćd́
= h

(1)

áb́
h

(1)

ćd́
k

(1)

X

[
M̃(1)

{
M(1)M̃(1) − 1

}]
XX ′

k
(1)

X′

(C.6)
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Here and in the rest of the paper, we define

M̃(k)
=

[
M(k)

+
(
M(k)

)T
]−1

(C.7)

where (k) denotes the specific tensor representation.

C.2 The
(
144 × 144

)
45

(
144 × 144

)
45

couplings

The
(
144 × 144

)
45

(
144 × 144

)
45

couplings gotten by the 45 plet mediation are given by

W
(45)
dim−5 = λ

(45)

áb́,ćd́

[
−4 < Υ∗

(−)áµ|Bbibj|Υ(+)b́µ >< Υ∗
(−)ćλ|Bb

†
i b

†
j|Υ(+)d́λ

>

+4 < Υ∗
(−)áµ|Bb

†
ibj |Υ(+)b́µ >< Υ∗

(−)ćλ|Bb
†
jbi|Υ(+)d́λ

>

−4 < Υ∗
(−)áµ|Bb†nbn|Υ(+)b́µ >< Υ∗

(−)ćλ|B|Υ(+)d́λ
>

+5 < Υ∗
(−)áµ|B|Υ(+)b́µ >< Υ∗

(−)ćλ|B|Υ(+)d́λ
>

]
(C.8)

where the explicit evaluation in SU(5) × U(1) decomposition gives

< Υ∗
(−)áµ|Bbibj|Υ(+)b́µ >= i

{
−QkT

á Pij

b́k
− 1

2
√

5
QiT

á Pj

b́
+

1

2
√

5
QjT

á Pi

b́
+

√
2

15
QikT

á Pj

b́k

−
√

2

15
QjkT

á Pi

b́k
+ QijkT

ál P l

b́k
+

7

10
√

6
εijklmQT

ákPb́lm

− 1

3
√

5
εijklmQT

ánPn

b́klm
+

1

2

√
3

10
εijklmQnT

áklPb́mn

+
1

2
√

2
εijklmQnT

áklP
(S)

b́mn

}
(C.9)

< Υ∗
(−)áµ|Bb

†
i b

†
j|Υ(+)b́µ >= i

{
−QkT

áijPb́k
− 1

2
√

5
QT

ájPib́
+

1

2
√

5
QT

áiPb́j
+

√
2

15
QkT

ái Pb́kj

−
√

2

15
QkT

áj Pb́ki
+ QkT

ál P l

b́ijk
+

7

10
√

6
εijklmQklT

á Pm

b́

− 1

3
√

5
εijklmQklmT

án Pn

b́
+

1

2

√
3

10
εijklmQknT

á P lm

b́n

+
1

2
√

2
εijklmQknT

á(S)P lm

b́n

}
(C.10)

< Υ∗
(−)áµ|Bb

†
ibj |Υ(+)b́µ >= i

{
QlT

áikPkj

b́l
− 1

2
√

5
QjT

áikPk

b́
+

1

2
√

5
QT

ákPkj

b́i

− 3

20
QT

áiPj

b́
− 1

20
δ
j
i QT

ákPk

b́
+

1

2
QjklT

ám Pm

b́ikl

−1

6
δ
j
iQklmT

án Pn

b́klm
− 1√

30
QjklT

ái P
klb́

− 1√
30

QklT
á Pj

b́ikl
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+
1

30
QjkT

á P
b́ki

+
1

6
δ
j
iQklT
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where

λ
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áb́,ćd́
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ćd́
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(C.13)

C.3 The
(
144 × 144

)
210

(
144 × 144

)
210

couplings

The
(
144 × 144

)
210

(
144 × 144

)
210

couplings are gotten by 210 mediation and are given by
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>

−6 < Υ∗
(−)áµ|Bb
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(−)áµ|Bb

†
ibj|Υ(+)b́µ >< Υ∗

(−)ćλ|Bb
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]
(C.14)

We carry out now an SU(5) × U(1) decomposition of these and get
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(−)ćλ|Bb

†
jb

†
kb

†
l bi|Υ(+)d́λ

>= i

{√
2

15
QiT
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(S)ć P
ni

d́p

+
1

10

√
3

2
εjklmnQmnT
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á

) (
1

3
P

b́mi
−

√
3

5
P(S)b́mi

)

+
1

2

(
δl
iQkmT
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(S)ć P
d́n

+
2√
5
εijklmQmT
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ćkPk

d́
+

1

2
QiklT
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where
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C.4 The
(
144 × 144

)
10

(
144 × 144

)
10

couplings

Here we consider the quartic interactions that arise from mediation by the 10 plet of Higgs.

We begin by considering the superpotential
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Elimination of the ΦνU as a superheavy field using the F-flatness condition

∂W(10)′

∂ΦνU
= 0 (C.26)

leads to the quartic interaction generated by 10 mediation.
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áb́,ćd́
= h

(10)(+)
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C.5 The (144 × 144)
10

(144 × 144)
10

couplings

An analysis similar to the above gives in this case the following
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(−)ćν |Bb

†
i |Υ(−)d́ν

>

= 4λ̄
(10)(+)
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áµQb́ijµ
QjT
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C.6 The
(
144 × 144

)
10

(144 × 144)
10

couplings

An analysis similar to above gives
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where

θ
(10)(+)
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Further details of the decomposition of the couplings generated by 10 mediation are given

in appendix E.

C.7 The
(
144 × 144

)
120

(
144 × 144

)
120

couplings

We begin by considering the superpotenial
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(−)áµ|BΓ[νΓρΓλ]|Υ(−)b́µ > k̄
(120)

V
ΦνρλV(C.33)

Eliminating ΦνρλV using the F flatness condition

∂W(120)′

∂ΦνρλV
= 0 (C.34)
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we obtain
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áb́,ćd́

[
−4PT
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where
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áb́,ćd́
= h

(120)(−)
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C.8 The (144 × 144)
120

(144 × 144)
120

couplings

An analysis similar to the above gives

W
(144×144)120(144×144)120

=
1

18
λ̄

(120)

áb́,ćd́
<Υ∗

(−)áµ|BΓ[νΓρΓλ]|Υ(−)b́µ ><Υ∗
(−)ćν |BΓ[νΓρΓλ]|Υ(−)d́ν

>

=
1

18
λ̄

(120)

áb́,ćd́

[
< Υ∗

(−)áµ|BΓνΓρΓλ|Υ(−)b́µ >< Υ∗
(−)ćν |BΓνΓρΓλ|Υ(−)d́ν

>

−28 < Υ∗
(−)áµ|BΓν |Υ(−)b́µ >< Υ∗

(−)ćν |BΓν |Υ(−)d́ν
>

]

=
8

9
λ̄

(120)

áb́,ćd́

[
< Υ∗

(−)áµ|Bbibjbk|Υ(−)b́µ >< Υ∗
(−)ćν |Bb

†
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†
jb

†
k|Υ(−)d́ν

>

−6 < Υ∗
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†
i |Υ(−)d́ν

>

+3 < Υ∗
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†
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>

+3 < Υ∗
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†
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†
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>

+3 < Υ∗
(−)áµ|Bb

†
ib

†
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†
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>
]

=
8

3
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áb́,ćd́

[
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áµQ
j

b́µ
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ćijνQd́ν
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b́µ
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ćν Q
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]
(C.37)

where

λ̄
(120)(−)

áb́,ćd́
= h̄

(120)(−)

áb́
h̄

(120)(−)

ćd́
k̄

(120)

V

[
M̃(120)

{
M(120)M̃(120) − 1

}]
V V ′
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(120)

V ′
(C.38)
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C.9 The
(
144 × 144

)
120

(144 × 144)
120

couplings

Starting with cubic couplings involving the 120-plet of fields and following the same pro-

cedure as above one gets the following

W
(144×144)120(144×144)120

=− 1

18
θ

(120)

á́b,ćd́
<Υ∗

(+)áµ|BΓ[νΓρΓλ]|Υ(+)b́µ ><Υ∗
(−)ćν |BΓ[νΓρΓλ]|Υ(−)d́ν

>

= − 1

18
θ

(120)

áb́,ćd́

[
< Υ∗

(+)áµ|BΓνΓρΓλ|Υ(+)b́µ >< Υ∗
(−)ćν |BΓνΓρΓλ|Υ(−)d́ν

>

−28 < Υ∗
(+)áµ|BΓν |Υ(+)b́µ >< Υ∗

(−)ćν |BΓν |Υ(−)d́ν
>

]

= −4

9
θ
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áb́,ćd́

[
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†
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†
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>
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†
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>

+3 < Υ∗
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†
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>
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†
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†
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>
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†
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†
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†
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>
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†
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†
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†
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>
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(−)áν |Bbi|Υ(−)b́ν >< Υ∗
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†
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>
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†
i |Υ(−)b́ν >< Υ∗

(+)ćµ|Bb†nbnbi|Υ(+)d́µ
>

+3 < Υ∗
(−)áν |Bbi|Υ(−)b́ν >< Υ∗

(+)ćµ|Bb
†
i b

†
nbn|Υ(+)d́µ

>

+3 < Υ∗
(−)áν |Bb

†
i b

†
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(+)ćµ|Bb
†
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>
]

=
4

3
θ

(120)(−)

áb́,ćd́

[
4PijT

áν P
b́ν

QT

ćijµQd́µ
− 4PT

áiνPb́jν
QiT

ćµQj

d́µ

−4PijT
áν Pkl

b́ν
QT

ćijµQd́klµ
− 8PijT

áν Pkl
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ćjkµQd́ilµ

+εijklmPijT
áν Pkl

b́ν
QT

ćµQ
m

d́µ
− 4εijklmPT

áνPb́iν
QT

ćjkµQd́lmµ

+8PT

áνPb́iν
QT
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d́µ
+ 4PT

áiνP
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b́ν
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d́jkµ

−4PT

áiνP
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b́ν
QkT

ćµ Q
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]
(C.39)

where

θ
(120)(−)

áb́,ćd́
= h

(120)(−)

áb́
h̄

(120)(−)

ćd́
k

(120)

V
M̃(120)

V V ′ k̄
(120)

U′
(C.40)

The SU(5) × U(1) decomposition of the quartic couplings can be carried out using the

results given in appendix F.

C.10 The
(
144 × 144

)
126

(144 × 144)
126

couplings

Here we begin by considering the superpotential

W
(126,126)′ =

1

2
ΦνρσλϑWM(126,126)

WW ′ ΦρνσλϑW ′

+
1

5!
h

(126)

áb́
< Υ∗

(+)áµ|BΓ[νΓρΓσΓλΓϑ]|Υ(+)b́µ > k
(126)

W
ΦνρσλϑW
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+
1

5!
h̄

(126)

áb́
< Υ∗

(−)áµ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b́µ > k̄
(126)

W
ΦνρσλϑW

+
1

5!
h̄

(126)

áb́
< Υ∗

(−)áµ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b́µ > k̄
(126)

W
ΦνρσλϑW (C.41)

Eliminating ΦνρσλϑW , ΦνρσλϑW through the F flatness conditions

∂W(126,126)′

∂ΦνρσλϑW
= 0,

∂W(126,126)′

∂ΦνρσλϑW
= 0 (C.42)

gives the quartic interaction below

W

(144×144)
126

(144×144)126

=
1

7200
κ

(126,126)

áb́,ćd́
< Υ∗

(+)áµ|BΓ[νΓρΓσΓλΓϑ]|Υ(+)b́µ >
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(−)ćτ |BΓ[νΓρΓσΓλΓϑ]|Υ(−)d́τ

>

=
2

15
κ

(126,126)(+)

áb́,ćd́

[
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ćνQd́ν
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b́µ
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ćνQd́ijν
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áiµPb́jµ
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k
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d́ν
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b́µ
QT
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áµPb́iµ
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b́µ
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d́ν

]
(C.43)

where

κ
(126,126)(+)

áb́,ćd́
= h

(126)(+)

áb́
h̄

(126)(+)

ćd́
k̄

(126)

W
M̂(126,126)

WW ′ k
(126)

W′
(C.44)

and

M̂(126,126)
=

(
M(126,126)

)−1
[(

M(126,126)
)T (

M(126,126)
)−1

− 2 · 1
]

(C.45)

C.11 The
(
144 × 144

)
126

(
16 × 16

)
126

couplings

The analysis here follows a very similar approach as above and one gets

W
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=
1

7200
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áb́,ćd́
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× < Ψ∗
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d́
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d́
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b́µ
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b́µ
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b́µ
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where

ς
(126,126)(+)

áb́,ćd́
= h

(126)(+)

áb́
f̄

(126)(+)

ćd́
l̄
(126)

W
M̂(126,126)

WW ′ k
(126)

W′
(C.47)

Further decomposition in the SU(5) × U(1) basis can be carried out using the results in

appendix G.

D. Matter-Higgs couplings

In this appendix we evaluate the quartic couplings involving two semi-spinors of matter

fields, i.e., the 16 plets of matter fields and two vector-spinor fields. We will utilize the

analysis of section 4 to compute these quartic couplings. Thus the couplings would arise

by mediation from 10, 120 and 126 + 126 between the matter sector and the Higgs sector.

We discuss now these computations in detail below.

D.1 The (16 × 16)
10

(
144 × 144

)
10

couplings

For the computation of the (16 × 16)10
(
144 × 144

)
10

couplings arising from the 10 media-

tion we consider the superpotential

W
(10)′′ =

1

2
ΦνUM

(10)

UU ′ΦνU ′ + h
(10)

áb́
< Υ∗

(+)áµ|BΓν |Υ(+)b́µ > k
(10)

U
ΦνU

+f
(10)

áb́
< Ψ∗

(+)á|BΓν |Ψ(+)b́ > l
(10)

U
ΦνU + h̄

(10)

áb́
< Υ∗

(−)áµ|BΓν |Υ(−)b́µ > k̄
(10)

U
ΦνU (D.1)

Eliminating ΦνU using F flatness condition we get

W
(16×16)10(144×144)10

= −2ξ
(10)

áb́,ćd́
< Ψ∗
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>
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[
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(+)ćν |Bb

†
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>
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†
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>

]

= 2ξ
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áb́,ćd́
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T
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ij
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d́µ
− 8MT
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b́
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b́
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d́µ
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)
(D.2)

where

ξ
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áb́,ćd́
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áb́
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l
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U
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(D.3)

D.2 The (16 × 16)
10

(144 × 144)
10

couplings

An analysis similar to the above gives

W
(16×16)10(144×144)10

= −2ζ
(10)

áb́,ćd́
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(10)
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]
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ćklµQd́ijµ
+ MijT
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where
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l
(10)

U
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(D.5)

To obtain the reduction of the results of sections D.1 and D.2 in the SU(5) × U(1) basis

we use the results of appendix E.

D.3 The (16 × 16)
120

(
144 × 144

)
120

couplings

Here we begin by considering the superpotential

W
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áb́
< Υ∗
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V
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Eliminating ΦνρλV by the F flatness condition we get

W
(16×16)120(144×144)120

=− 1
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(+)á|BΓνΓρΓλ|Ψ(+)b́ >< Υ∗
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(+)ćν |Bb
†
ib

†
nbn|Υ(+)d́ν

>

+3 < Ψ∗
(+)á|Bb
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where

ξ
(120)(−)
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ćd́
l
(120)

V
M̃(120)

V V ′ k
(120)

V ′
(D.8)

D.4 The (16 × 16)
120

(144 × 144)
120

couplings

An analysis similar to the above gives

W
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†
i |Υ(−)b́ν >< Ψ∗

(+)ć|Bb†nbnbi|Ψ(+)d́ >

+3 < Υ∗
(−)áν |Bbi|Υ(−)b́ν >< Ψ∗

(+)ć|Bb
†
ib

†
nbn|Ψ(+)d́ >

+3 < Υ∗
(−)áν |Bb

†
ib

†
jbk|Υ(−)b́ν >< Ψ∗

(+)ć|Bb
†
kbibj |Ψ(+)d́ >

]

=
4

3
ζ
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áb́,ćd́

[
4MijT

á M
b́
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ćµ Q
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]
(D.9)

where

ζ
(120)(−)

áb́,ćd́
= f

(120)(−)

áb́
h̄

(120)(−)

ćd́
l
(120)

U
M̃(120)

V V ′ k̄
(120)

V ′
(D.10)

Further reduction of the above to the SU(5) × U(1) basis can be achieved by using ap-

pendix F.
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D.5 The (16 × 16)
126

(144 × 144)
126

couplings

Finally we consider the matter-Higgs couplings via 126+126 mediation. Here we begin by

considering the superpotential

W
(126,126)′′ =

1

2
ΦνρσλϑWM(126,126)

WW ′ ΦρνσλϑW ′

+
1

5!
f

(126)

áb́
< Ψ∗

(+)á|BΓ[νΓρΓσΓλΓϑ]|Ψ(+)b́ > l
(126)

W
ΦνρσλϑW

+
1

5!
h̄

(126)

áb́
< Υ∗

(−)áµ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b́µ > k̄
(126)

W
ΦνρσλϑW (D.11)

Eliminating ΦνρσλϑW , ΦνρσλϑW , by use of F flatness gives

W

(16×16)
126

(144×144)126

=
1

7200
%

(126,126)

áb́,ćd́
< Ψ∗

(+)á|BΓ[νΓρΓσΓλΓϑ]|Ψ(+)b́ >

× < Υ∗
(−)ćµ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)d́µ

>

=
2

15
%

(126,126)

áb́,ćd́

[
2MT

á M
b́
QT

ćµQd́µ
− 2MT

á Mij

b́
QT

ćµQd́ijµ

+2MT

áiMb́j
QiT

ćµQj

d́µ
+ 48MT

á M
b́k
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ćµQ
k

d́µ

−2MijT
á M

b́k
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ćijµQ
k

d́µ
+ MijT

á M
b́j
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ćikµQ
k

d́µ

+6MijT
á Mkl

b́
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ćijµQd́klµ
− 30MijT

á Mkl

b́
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ćikµQd́jlµ

+9MijT
á Mkl

b́
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ćilµQd́jkµ
+ 2εijklmMT

á M
b́i
QT

ćjkµQd́lmµ

+2εijklmMijT
á Mkl

b́
QT

ćµQ
m

d́µ

]
(D.12)

where

%
(126,126)

áb́,ćd́
= f

(126)

áb́
h̄

(126)

ćd́
k̄

(126)

W
M̂(126,126)

WW ′ l
(126)

W′
(D.13)

A further reduction of the quartic interactions to the SU(5)×U(1) basis can be achieved

by use of appendix G.

The quartic couplings discussed in appendices C, D are obtained by integrating out

the intermediate fields which belong to the set of tensor representations 1, 45, 210, 10, 120,

126+126. The analysis given in the paper is quite general allowing for an arbitrary number

of such intermediate tensor set. The results, however, can be simplified if one assumes just

a single tensor field for each term in the set listed above. In this case the couplings show

a factorization. This case can be gotten from the analysis of the paper by the following

simple algorithm of replacemen λ̄
(.)

áb́,ćd́
→ − 1

4

h̄
(.)

áb́
h̄
(.)

ćd́

M and similarly for other couplings.

E. Details of couplings from 10-plet mediation

In this appendix we expand the SO(10) coupling structures that enter in 10-plet mediation

in section 4 and appendicies C and D in a SU(5) × U(1) basis. We list these structures

below
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ápqrPkl

b́s
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á Pj

b́pqr

− 1

12
√

5
εijpqrP lT
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áp P
b́qr

]
(E.3)
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áb́
QiT

áµQb́ijµ
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áb́

[
− 1

2
√

30
εjklmnQkpT

á Qlmn

b́p
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6
√

2
εjklmnQkpT

(S)áQ
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b́p

+
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10
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b́
+ QlT
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b́lj
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2
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(E.4)
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ćν Q
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√
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ćd́

[
4QrT
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√
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√
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]
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áb́
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b́kl
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√
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√
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√
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√
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√
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á Q
b́l
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√
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]
(E.7)
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F. Details of couplings from 120-plet mediation

In this appendix we expand the SO(10) coupling structures that enter in 120-plet mediation

in section 4 and appendicies C and D in a SU(5) × U(1) basis. We list these structures

below

h
(120)(−)

ćd́
PT

ćnµP
lm

d́µ
= h

(120)(−)

ćd́

[
1

2
√

30
εijklmPT

ćnpPp

d́ijk
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10
εijklmPT

ćniPd́jk

+
1

6
√

2
εijklmP(S)T

ćnp Pp

d́ijk
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√

15
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d́k
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2
√
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d́
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2
√
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]
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ái P
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−
√
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√
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√
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b́ik
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áb́
εijklmQT
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ápq − δm
n QlT
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(F.6)
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ćd́

[
2√
5
QkT
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G. Details of couplings from 126 + 126-plet mediation

In this appendix we expand the SO(10) coupling structures that enter in 126 + 126-plet

mediation in section 4 and appendicies C and D in a SU(5) × U(1) basis. We list these

structures below
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áµ P
b́kµ

= f
(126)(+)
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ćd́
QT
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ćkQk

d́ij
+

1

6
εijklmQnT
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ćd́

[√
3

10
QiT

ćk Qjk

d́
+

√
3

10
QjT
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ćijQpqr

d́s

+
1

12
√

5
εijpqrQpqrT
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(G.16)

The above concludes our analysis of the interactions of the vector-spinors with Hig-

gs multiplets in tensor representations, self-couplings of the vector-spinors, and of the
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couplings of the vector-spinors with the matter in the spinor 16-plet representations.

These couplings are of considerable value in the analysis of spontaneous breaking of the

SO(10)gauge symmetry, in the analysis of proton life time, and in the analysis of quark-

lepton textures and in the study of neutrino masses.
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